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Abstract 

Continuing our previous work (Cohn, Lam, Lu, Yang, Nonlinear Analysis (2011), doi: 10.1016 
/j.na. 201 1.09.053), we obtain a class of Trudinger-Moser inequalities on the entire Heisenberg 
group, which indicate what the best constants are. All the existing proofs of similar inequalities 
on unbounded domain of the Euclidean space or the Heisenberg group are based on rearrange- 
ment argument. In this note, we propose a new approach to solve this problem. Specifically 
we get the global Trudinger-Moser inequality by gluing local estimates with the help of cut-off 
functions. Our method still works for similar problems when the Heisenberg group is replaced 
by the Eclidean space or complete noncompact Riemannian manifolds. 
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1. Introduction 



Let H" = K x M be the Heisenberg group whose group action is defined by 

(x,y,t) o (x',y',f) = (x + x',y + y',t + t' + 2{{y,x) - (*,/))), 



(1.1) 



where x,y, x',y' e W, t, f e K, and (•, •) denotes the standard inner product in W. Let us denote 
the parabolic dilation in R 2n xR by 6 A , namely, 6*(g) = (^JC, Ay, A 2 t) for any £ = (x, y, t) e R 2 " XM. 
The Jacobian determinant of 6 a is A.®, where Q — 2n + 2 is the homogeneous dimension of W. 
The following norm 



\£\i, 



V l'=l 



+ r 



(1.2) 



is homogeneous of degree one with respect to the dilation 6a- The associated distance between 
two points £ and rj of H" is defined accordingly by 



(1.3) 



where rj 1 denotes the inverse of rj with respect to the group action, i.e. rj 1 = -rj. Obviously 
dh(-, •) is symmetric. The open ball of radius r centered at £ is 

B h ({,r) = {r}eW:d h (ri,Z)< r }. 
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It is important to note that (see for example Stein [11], Section 5 of Chapter VIII) 

\B h (t,r)\ = \B h (0,r)\ = \B h (0,l)\ r e, (1.4) 

where | • | denotes the Lebesgue measure. The Lie algebra of H" is generated by the left-invariant 
vector fields 

O O O Q Q 

T = T' Xi = T" + Fi = 7T " 2x 'T' » = !.•••.»• (1-5) 

of ox, of ay,- of 

These generators satisfy the non-commutative formula [X,-, 7,] = -45,jT. Denote by |Vh"K] the 
norm of the sub-elliptic gradient of a smooth function u : H" — > K: 



|V h »m| = 

V 1=1 



^ ((X, M ) 2 + (T, M ) 2 ) 

V i 

Let £2 be an open set in W. We use Wq P (Q.) to denote the completion of C^°(Q) under the norm 

IMI<« ( n) = U(Wwu\ p + \u\ p )d^ " . (1.6) 

In 0], Cohn-Lu proved a Trudinger-Moser inequality on bounded smooth domains in the Hes- 
enberg group H". Precisely, there exists some constant C„ depending only on n such that for all 
bounded smooth domain Q c W, if u e Wg' G (£2) satisfies ||Vn»M|| L G(Qj < 1, then 

f e"^ d£ < C n \Q\, (1.7) 
Jo. 

where Q' = Q/(Q-l), oq - QOq®~ , o~q — F(\W(n + ^)a>2 n -\/n\, u)2n-\ is the surface area of 
the unit sphere in R 2 ". Furthermore, the integrals of all u e W ( J' e (f2) satisfying ||Vh» MHz^n) ^ 1 
are not uniformly bounded if cvq is replaced by any larger number. Recently, Cohn, Lam, Lu 
and the author Q3£] obtained a Trudinger-Moser inequality on the Heisenberg group H". Note that 
W l - Q (W) is the completion of C~(H") under the norm (O with Q. replaced by W. We have 
the following: 

Theorem A (^). There exists some constant a* : < a* < oq such that for any pair /3 and a 
satisfying < /3 < Q, < a < a*, and — + 4 < 1, there holds 

sup r > u»'_g 2 ^U < „. ,, 8) 

When ^ + q > 1» the integral in ( 11.81 ) is still finite for any u e W^'^iW 1 ), but the supremum is 
infinite if further ^ + ^ > 1. 

Theorem A is an analogue of (Adimurthi-Yang IH, Theorem 1 . 1). Earlier works on this topic 
(Trudinger-Moser inequalities on unbounded domain of W) were done by Cao [2], Panda I2D, 
do O |5[], Ruf 11011 . Li-Ruf 18J] and others. The proof of Theorem A is based on symmetrization 
argument, radial lemma and the Young inequality. Note that a* in Theorem A is not explicitly 
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known. A natural question is what the best constant a for (11.8b is. Denote an equivalent norm in 

W 1>G (H") by 

ll"IIl,r = (^ n (|V H ««| G +TM fl )^J S (1.9) 

for any fixed number t > 0. Our main result is the following: 

Theorem 1.1. Let r be any positive real number. Let Q, Q' and oq be as in tl.7i . For any 

P : < p < Q and a : < a < a Q (l -/3/Q), there holds 

When a > (Xq{\ — /3/Q), the above integral is still finite for any u e W l '^(M"), but the supremum 
is infinite. 

Clearly Theorem 1.1 implies that the best constant for the inequality ( 11-1 Ob is oq(1 - /3/Q). 
But we do not know whether or not ( II. 10b still holds when a = ciq{\ - /3/Q). Even so, ( II. 10b 
gives more information than ( 11.81 ). 

According to the author's knowledge, the existing proofs of Trudinger-Moser inequalities for 
unbounded domains are all based on the rearrangement theory fl]. It is not known that whether 
or not this technique can be successfully applied to the Heisenberg group case. 

To prove Theorem 1.1, we propose a new approach. The idea can be described as follows. 
Firstly, using dl.7l ). we derive a local Trudinger-Moser inequality, namely, for any fixed r > 
and all £o e HP, there exists some constant C depending only on n, r and j3 such that 




|V h «m| g ^ (1.11) 



provided that < a < oq(1 - /3/Q) and JT \%wu\ Q dt; < 1. Secondly, fixing sufficiently 
large r > 0, we select a specific sequence of Heisenberg balls {fi/,(£,, r)}"j to cover the Heisen- 
berg group H". Then we choose appropriate cut-off function </>, on each £/,(£;, r). Finally, we 
obtain ( 11.101 ) by gluing all local estimates ( 11.1 lb for <p;u. We remark that our method still works 
for similar problems when the Heisenberg group is replaced by the Eclidean space or complete 
noncompact Riemannian manifolds. In the Eclidean space case, r can also be arbitrary in ( 11.101 ). 
But in the manifold case, the choice of r may depend on the geometric structure (see 11311 . The- 
orem 2.3). As an easy consequence of Theorem 1.1 (in fact a special case (3 - 0), the following 
corollary holds. 

Corollary 1.2. Let Q = 2n + 2. For any q > Q, W l ' Q (E. n ) is continuously embedded in L«(H"). 

The remaining part of this note is organized as follows. In section 2, we prove a covering 
lemma for H"; Cut-off functions are selected for the subsequent analysis in section 3; The proof 
of Theorem 1 . 1 is completed in section 4. 
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2. A covering lemma for the Heisenberg group 



In this section, we will use a sequence of Heisenberg balls with the same radius to cover the 
entire Heisenberg group H". We require these balls to satisfy the following properties: (z) For 
any £ e H", £, belongs to at most N balls for some constant integer N which is independent of the 
base point (ii) If the radius of those balls becomes appropriately smaller, then they are disjoint. 

Firstly, we need to understand the Heisenberg distance between two points of the Heisenberg 
group H". The following two properties are more or less standard. We prefer to present them by 
our own way. 

Proposition 2.1. Let £ and r\ be two points ofW. There holds 

It?" 1 o fU < 3(|f|* + \r}\ h ), 
where \ ■ |/, is the homogeneous norm defined by ( 17. 2D . 

Proof. Write £ = (x,y, t), t? = (x',y r , ?')• Then ( 11.11 ) gives 

rf x o f = ( X - x',y- y', t-t'~ 2«y, x') - <jc, /»). 
Since (\x - x'\ 2 + \y- y'| 2 ) 1/2 < (\x\ 2 + |y| 2 ) 1/2 + (|x'| 2 + |/ 1 2 ) 1/2 and 

|2 ({y, x') - (x,y'))\ < \x\ 2 + \y\ 2 + \x'\ 2 + |yf, 
we have by using the inequality Va + b < yfa + yfb (a > 0, b > 0) repeatedly 

\ 2 



l»7 = 



^{(x,-x'f + ( yi -y'f) 



\i=\ 
( n 



+ (t-t' -2((y,x')-(x,y'))Y 



< 



Vi=l 
( n 

< 2 



2 (te - *?) 2 + (yt - y'if) +\t-f-2 ((y, x') - <x,y»| ! 



I> 2 ^ 2 ) +2X(*; 2 + v; 2 ) 



V i=l 



+ f 2 + r 



< 3(1^ + 1^). 

Proposition 2.2. Let £ r\, £ be arbitrary points ofW. Then we have 

d h (g,tj)<3(A,(g,Q + d h tf,Tj)), 
where c//,(-, •) is the distance function defined by ( 17.31 ). 

Proof. Note that = for all y e HP. It follows from Proposition 2.1 that 

< 3Q n - 1 ofiA + ir'ofi*) 

= 3 (<i*(f, !/)+<*»(££)). 



□ 



This gives the desired result. □ 

Secondly, by adapting an argument of (Hebey |0], Lemma 1.6), we obtain the following use- 
ful covering lemma. 

Lemma 2.3. Let p > be given. There exists a sequence (£,■) of points ofW such that for any 
r > p: 

(0 U,2?*(f jt p) = H» and for any i + j, B h ($,p/6) n B h (gj,p/6) = 0; 

(if) for any £ G H", £ belongs to at most [(24r/p)@] balls B^;, r), where [(24r/p)®] denotes the 
integral part of(24r/p)@. 

Proof. Firstly, we claim that there exists a sequence (£•) of points of W such that 

Uj 2?*(&p) = H" and Vi * j, B h (£,p/6) n 2?*(^,p/6) = 0. (2. 1) 

To see this, we set 

X p = {sequence Cfi)ie/ : e H",/ is countable and V; # j,dh(^i,^j) > p} . 

Then X p is partially ordered by inclusion and every element in X p has an upper bound in the 
sense of inclusion. Hence, by Zorn's lemma, X p contains a maximal element (£,), e /. On one 
hand, if U,B/,(£,p) + W, then there exists a point £ e H" such that c//,(£,£) > p for all z e 
7. This contradicts the maximality of (^,) ie /. Hence U,B/,(^,,p) = H' ! . On the other hand, if 
B/,(^,,p/6) n /?/,(£/, p/6) + for some z # j, then we can take some r\ e B/,(^,,p/6) n B /,(£/, p/6). 
It follows from Proposition 2.2 that 



< 3(d h ({i,rj) + d h (ri,{jj) 



This contradicts the fact that £//,(£,,£/) > p for any i + j. Thus our claim ( 12.11 ) holds. 
Assume (£,•) satisfies ( 12. U . For any fixed r > and £ e W we set 

7,© = {ie/:f eB*(fi,r)}. 

By ( ll.4l i and Proposition 2.2, we have for r > p 

\B h (£,r)\ = 4-0\B k (£,4r)\ 

> 4- Q \B h (fi,p/6)\ 

= 4- G Card 7,(0 (p^ei^CO, 1)|, 
where Card denotes the cardinality of the set I r (g). As a consequence, for r > p there holds 

Card /,(£) < (24r/p) G . 

This completes the proof of the lemma. □ 
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3. Cut-off functions on Heisenberg balls 



In this section, we will construct cut-off functions on Heisenberg balls. To do this, we first 
estimate the gradient of the distance function as follows. 

Lemma 3.1. Let be any fixed point ofW. Define a function p(£) — dh(^,^o). Then we have 
\V w p(g)\ < 1 for any f * ft- 

Proof. Write £ = (x\, ■ ■ ■ , x„,y u ■ ■ ■ ,y n , t) and & = Ooi, • • • ,xon,you • • ■ ,yon,to)- For any 
£, + fo. we set 

n n 



Then by QTTJ and (fT3T >. 



We calculate 



and then by ( 11.51 ), 



dx; 



i=l 



p© = |^ - 1 o^ = (£ 2 + F 2 ) 



1/4 



p = p ((xi - x i)E - y 0i F) , 2y,-— p = p y ; F, 

ot 



-— p + 2y~p = p 3 ((xi - x i)E + (yi - y 0i )F) . 

OX: Ot 



Similarly we have 
and thus by (11.5b , 

It follows that 



■5-P = P 3 (<Ji - yodE + x 0i F) 
oyi 



d d 

Yip = —p - 2xi—p = p~ 3 ((y t - yodE + (x 0i - x t )F) . 
ay, ot 



(X iP ) 2 + (F,p) 2 = p- 6 ((yt - y 0i ) 2 + (Xi - x 0i ) 2 ) (E 2 + F 1 ). 
Note that E 2 + F 2 - p 4 . We obtain 



|Vb.pI = 



J] ((X,p) 2 + (T,p) 2 ) 

V i=l 

p-'E^iE 2 + F 2 ) 1 ' 2 
p- l E l > 2 <L 



1/2 



This completes the proof of the lemma. 



□ 
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Now we construct cut-off functions. Let <f> : R — > M be a smooth function such that < <p < 1, 
4> = 1 on the interval [-1, 1], <p = on (-oo, -2) U (2, oo), and |0'(f)l < 2 for all t e R. Let r > 
be given. Define a function on H" by 

M^) = 4 dj ^ M )- (3-D 



Then 0o is a cut-off function supported on the Heisenberg ball B/,(£o, 2r). The estimate of the 
gradient of tpo is very important for the subsequent analysis. Precisely we have the following: 



Lemma 3.2. For any fixed r > and go e H". 00 ^ e defined by ( 15.71 ). Tne/i 0o is supported in 
B h (g , 2r), < 0o < 1, 00 = 1 on r), ant/ |V H «0o(£)] < 2/r/br a// £ e H". 

Proof. We only need to explain the last assertion, namely |Vh»0o(£)I < 2/r for all g e W, Since 
0o = 1 on Bhigo, »0> we nave Vm»0o = on B/,(£o, r), particularly V»>0o(O) = 0. For £ + go, a 
simple calculation shows 

V H »0o<£) = -0'V H »4(^,fo). 
r 

This together with Lemma 3.1 and \(p'\ < 2 concludes the last assertion. □ 

4. Proof of Theorem 1.1 

In this section, we will prove Theorem 1.1. For simplicity, we define a smooth function 

g : N x R R by 

g(m,s) = e s -^rj, Vm > 2. (4.1) 

fc=0 

As we promised in the introduction, we first derive a local Trudinger-Moser inequality for the 
Heisenberg group HP by using tl,7i . Let Q, Q' and uq be given by (11.71 1. Then we have the 
following: 

Lemma 4.1. Lef r > be given and go be any point ofW. If < B < Q, < a < oq{ \ - 

B/Q), and w e W^(Bh(go, r)) satisfies j B ^ \V-g* w\@dg < 1, then there exists some constant C 
depending only on n, r and B such that 

f -Lg(Q, a \w\ Q ')dg<C f |V H „w| e ^. (4.2) 

Proof. Using Proposition 2.2, we have that 

\go\h<Xd h {g,go) + \g\h\ V^el. 
If \go\h > 6r, then for any g e Bi,(go, r) there holds 

\t\h>^Y ~d h (g,go) >r. (4.3) 
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Let w = wl\\V w w\\ L Q (BlM(hr)) . Since WVwwWifivrf&sy) < 1 and < a < a Q (l -/3/Q), we have 

t(a.*n - z n?- 



00 

= z 



* H V H»-ll L G e(B;i(ft ,,./(a«|w|e'). (4.4) 

By (O and 0, 

f(e,or fi |w| fi ')^<C n r G |S ft (0,l)|, 



where C„ is given by ( 11.71 ). Hence when |£ok > 6r and < or < ag(l -j8/ 2), we have by using 
dO and (H3|, 

r ^(aaN 2 ')^ < ^ r ^-(e,«iwi G ')^ 

< C„r^|B A (0, 1)| f |V H »w| e ^. 

In the following we assume |^oU ^ 6r. If £ e fi/,(£o, r), then Proposition 2.2 implies that 

|fU<3(*(£6) + |$,U)<21r. 

Holder's inequality together with ( 11. 7t implies that there exits some constant C depending only 
on n, r and /3 such that 

f ^(0,a|w| G 'W< f —dQ,a\wf)dt<C. 
It then follows from ( 14.4-t that 

JB h (g ,r) \t;[ h JB„(^,r) \£;\ h 

< C f |V H »W| G ^. 

Hence ( l4~2l holds. □ 

Proof of Theorem 1.1. Firstly, we prove ( II. 10b . Let r > and a : < a < arg(l - /3/Q) be 
fixed. Since Cq(W) is dense in W 1,G (H") under the norm ( fL9l ), it suffices to prove dl.101) for all 
u e q°(H") with 

f (|V Hn «| G + TN G )^< 1. (4.5) 

Assume m e C°°(]HI' ! ) satisfies ( 14.5b . Let r > be a sufficiently large number to be determined 
later. By Lemma 2.3, there exists a sequence (£,•) of points of H" such that 

Uj B&u r) = H" and Vi * 7, r/6) n r/6) = 0, (4.6) 



and for any £ € H", 

£ belongs to at most 48 e balls B h (&, 2r). (4.7) 
Let be a smooth function given by ( 13. \\ . For each we set 

0.(0 = (^£1*2), v^eH". 



It follows from Lemma 3.2 that < 0/ < 1,0/= 1 on fi/,(£/, r), 0,- = outside /?/,(£/, 2r), and 

|V H ^/(£)|< -, er, (4.8) 
r 

Clearly 0?m e Wg' G (-B/,(£/, 2r)). Since m satisfies (14.51 l, we have that 

f |V H »«| G ^< 1, and f | M | e c/^ < -. 
Minkowski inequality together with ( 14.81 ) and < 0, < 1 leads to 

If \VMtfu)\ Q df) IQ < If 0? G |V H »«| G ^) ° + ( f |V H »^| fi N G ^) ^ 

\JB h (f u 2r) I \JB,,(f,,2r) / \Jfl*(£,,2r) / 

< (f |V HnM | G ^) + -(f |a| e rff) 

\JB ft (fi,2r) / r \jB h (£,,2r) I 

< 1 + — . (4.9) 

rr 

Define m, = 0*w/(l + ±). Then m, e Wo' G (B,,(£, 2r)) and JT^^ |V H -.M/| fi ^ < 1. Since a < 
oq{\ — PIQ), we can select r sufficiently large such that 

a^l + ^J <a Q {\-piQ). 

This together with Lemma 4. 1 implies that there exists some constant C depending only on n, r 
and p such that 

f —rtQMtiuf)^ = f -^4& a ( l + -) Q fci^W 

< C f |V H »u/| e ^. 

< C f \V w (tfu)\ Q dt. (4.10) 

<JB h <£,,2r) 

Combining d4.61 > and ( 14.10b . we obtain 

±fC(Q.aWP)df < I l L^(Q' a HW)v 

* e r ^A& a \ti u \ Q )<% 

< cY r iv(0? M )i e ^. (4.H) 



Using the inequality \a + b\ Q < 2 Q \a\ Q + 2 Q \b\ Q , Va, b e K, < fa < 1 and (gjJ, we get 

Jh» Jw 



Jh» V"/ Jh" 

In view of ( 14.71 ). it then follows that 

J] f \V M »(<t>tu)\ Q dt < 2 Q J] f ; |V H "«l e ^ + (-) J] f 0/M G # 

< 96 G f |V H , !M | e ^ + (— ) f |m| g ^. 

This together with (14. lib implies 

for some constant C depending only on C, Q, and r. Hence we conclude ( 11-1 Ob - 

Secondly, we prove that for any fixed ft : < ft < Q, a > 0, and u e W l ' Q (E"), there holds 

f —dQ,a\u\ Q ')dt<™. (4.12) 

Jw ]gf h v y 

Since C^°(1I") is dense in W l ' Q (W), we can take some u e C ( ™(H") such that ||M-M ||iyi C(H") < 
where e > is a small number to be determined later. Set 

u — Uq 



\\U - Mollw'-SfH") 

Then ||w||iyi,e(H") = 1- We divide the proof of ( 14.121 ) into two cases: 
Case l./3 = 0. 

Recall (14~TT >. By (HI], Lemma 2.2), £(Q, t) is convex with respect to t. Since \a + b\ y < 
(1 + 5)\a\ y + C(6,y)\b\ 7 , Va,b e M, y > 1,6 > 0, for some constant C(6, y) depending only on 6 
and y, we obtain 

f fffi.aM^W = I ^(e,a|«-"o + «ol e ')^ 
Jw Jh» 

< f f(e,o(l +5)\u-u Q f +aC(6,Q')\u \ Q ')dt 
Jw 

< - f ^(e,^a(i+5)| M -M i G '))^+- f f(e,vaC(«5,e')i«oi e ')^ 

< - f ^'(Q, J ua(l+<5)e fi 'H G '))^+- f dQ,vaC(6,Q')\ Uo \ Q ')dt, 
V Jw v 7 v Jh» v y 

where l/fj. + l/v - 1,// > 1, v > 1. Now we choose e > sufficiently small such that 
/ia(l + 5)e G ' < a Q . By dl.lOt . there holds 

^2,^(1 +<^e fi 'M G '))^<Ci 
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for some constant C\ depending only on n and r. In addition, since uq e C^(W), it is obvious 
that 

f dQ,vaC(d,Q')\u \ Q ')dt<™. 

Therefore, we have 

f dQ,a\u\ Q ')dt<™. 
Jw 

Case 2.0</3<Q. 
Note that 

This together with Holder's inequality and Case 1 implies (14.121 1. 
Finally, we confirm that for any a > ag(l - f3/Q), there holds 

sup f \rfQMv\ e )dt = °°. 
[|«[|,, T <i Jh» |^ v 7 

This is based on calculations of related integrals of the Moser function sequence. We omit the 
details but refer the reader to ^ . □ 
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